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Abstract

In this paper we develop a tabu search-based solution procedure designed speci"cally for a certain class of
single-machine scheduling problems with a non-regular performance measure. The performance of the
developed algorithm is tested for solving the variance minimization problem. Problems from the literature
are used to test the performance of the algorithm. This algorithm can be used for solving other problems such
as minimizing completion time deviation from a common due date.

Scope and purpose

Scheduling problems with non-regular performance measures has gained a great importance in modern
manufacturing systems. These problems are found to be hard to solve and analyze. The purpose of this paper
is to present a tabu search approach for solving a certain class of single-machine scheduling problems with
non-regular performance measure. Minimizing the variance of completion times and the total deviation from
a common due date are two examples of such problems. The proposed approach is found to perform better
than the simulated annealing approach for the variance minimization problem. � 2001 Elsevier Science
Ltd. All rights reserved.
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1. Introduction

The scheduling of a certain number of jobs on a single machine has gained importance for
theoretical and practical reasons. There are many real-world situations involving a single resource
used for accomplishing several tasks. Environments involving multiple machines can sometimes be
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considered as a single-machine problem by considering the bottleneck machine. Studying the
single-machine problem theoretically is the building block for understanding larger scheduling
problems of a more complex nature with multiple machines.
In this paper we develop a tabu search-based solution procedure designed speci"cally for certain

class of scheduling problems having V-shaped optimum schedules. By limiting the solution
procedure to a certain class of problems, we have the advantage of making use of the properties of
that class to obtain good solutions that require less computation time than previously.
Many single-machine scheduling problems are known to have V-shaped optimum schedules.

A V-shaped schedule is a schedule that satis"es the V-shaped property, i.e. jobs before the shortest
job are in longest processing time (LPT) order and jobs after the shortest job are in shortest
processing time (SPT) order. This property arises in problems with non-regular performance
measures in Al-Turki [1].
The variance minimization problem is one of the earliest problems that are known to have the

V-shaped property. Scharge [2] showed that the "rst job in the optimum schedule is the job with
the longest processing time and later Eilon and Chowdhury [3] proved the V-shapeness of the
optimal schedule. Another class of problems having the V-shaped property is the class of
early-tardy problems. See Baker and Scudder [4] and Raghavachari [5] for such problems.
Furthermore, there are certain stochastic single-machine problems that can be reduced to equiva-
lent deterministic problems with optimumV-shaped schedules. Examples of such problems include
minimizing the expected square deviation from a common due date when the machine is subject to
random breakdowns [6] and minimizing the expected variance of job completion times when job
processing times are random [7]. In general, the importance of the V-shaped property increases as
the research of single-machine scheduling advances to stochastic environments and multiobjective
performance measures.
Di!erent techniques are used to search for the optimal solution among the 2��� possible

V-shaped schedules. Among these techniques is the class of random search techniques such as
simulated annealing and tabu search. Mittenthal et al. [8] developed a simulated annealing-based
procedure to search for a near optimal solution to problems that have a V-shaped optimum
schedule. They have reported their computational experience for the variance minimization
problem. Their results motivated us to use the tabu search approach as an alternative approach
that has shown superiority in many cases in "nding optimal and near optimal solutions for
a variety of problem settings.
In the next sections, we brie#y describe the tabu search approach and its parameters. The

parameter setting is given in Section 3. In Section 4 the algorithm is described as used in this paper.
Computational experience is reported in Section 5 and the results are compared to those obtained
by Mittenthal et al. [8]. We conclude with some remarks and observations in the last section.

2. The tabu search technique

A tabu search is a meta-heuristic that guides local heuristic search procedures to explore the
solution space beyond local optimality. It was introduced by Glover [9}11] speci"cally for
combinatorial problems. Its basic ideas have also been proposed by Hansen [12] and Hansen and
Jaumard [13] the latter using the phrase steepest ascent mildest descent. Since then, tabu search has

1224 U. Al-Turki et al. / Computers & Operations Research 28 (2001) 1223}1230



successfully been applied to #ow-shop scheduling [14,15], generalized assignment problems [16],
architectural design [17], time-tabling problems [18], interacting hub facility locations [19],
among others.
The tabu search requires the following basic elements to be de"ned:

� Conxguration is an assignment of values to variables (i.e. a solution).
� A move is a speci"c procedure for getting a trial solution which is a feasible solution to the
optimization problem that is related to the current solution (i.e. a move is a procedure by which
a new solution (a neighbor) is generated from the current one by some minor random perturba-
tion of the current solution). This procedure is usually straightforward for the case of combina-
torial optimization, but a lot harder to design for the case of continuous optimization.

� A set of candidate moves is the set of all possible moves out of a current con"guration. This set is
usually countable for the case of combinatorial optimization, but can be large, in which case one
could operate with a subset of this set. For continuous optimization problems, the set of possible
moves is uncountable and one has to be more creative in de"ning them.

� Tabu restrictions: This is the most distinctive feature of tabu search. It is what di!erentiates tabu
search from simulated annealing algorithms. The tabu restrictions play a memory role for the
search in the sense that recent moves are not allowed to be reversed by making them forbidden
(tabu). This is done by forming a list called tabu list, of all of these tabu moves.

� Aspiration criteria: These are rules that override tabu restrictions, i.e. if a certain move is
forbidden by tabu restrictions then the aspiration criteria, when satis"ed, can make this move
allowable (e.g. if a tabu move is better than the best obtained so far by the search, then one can
take this move even though it is tabu, or override the tabu restriction).

Given the above basic elements, the tabu search scheme can be described as follows: start with an
initial con"guration, label this con"guration as the current one, evaluate the objective (criterion)
function for that con"guration. Then, using the current con"guration and a procedure for
obtaining trial solutions, generate a certain set of candidate moves and evaluate their correspond-
ing objective function values. If the best of these moves (in terms of the objective function) is not
tabu or if the best is tabu, but satis"es the aspiration criteria, then select that move and consider it
to be the new current con"guration. Otherwise pick the "rst non-tabu move and consider it to be
the new current con"guration. Repeat the above procedure for a certain number of iterations. On
termination, the best solution obtained so far is the solution obtained by the algorithm.
Note that the move that is chosen at a certain iteration is put in the tabu list so that it cannot be

reversed in the next few iterations. The tabu list has a certain size (which is treated as a parameter),
and when its length reaches that size and a new move enters that list, then the "rst move (i.e. the
oldest tabu move) in the tabu list becomes non-tabu and the process continues (i.e. the tabu list is
circular). The tabu list size controls the tabu search to either emphasize exploration or itensixcation.
If the tabu list is small, then intensi"cation is emphasized, i.e. a local search around the current
point is intensi"ed. If the tabu list is large, then exploration (di!erent regions of the solution space
are explored) is emphasized, i.e. points that are far from the current point are examined. The
aspiration criteria can re#ect the value of the criterion (objective) function, or, if the tabu move
results in a value of the criterion function that is better than the best known so far, then the
aspiration criteria is satis"ed and this overrides the tabu restriction.
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3. Parameters of the algorithm

In this section, we discuss the parameters of the algorithm, and their expected e!ects on
performance. These parameters are described below.

Neighbor generation scheme: To generate a neighbor, a job is selected randomly andmoved to the
opposite arm. The moved job is inserted in the opposite arm in such a way that the V-shaped
property is not violated.

Tabu list size (NTLM): The tabu list contains the history of the search, and it is the most distinctive
feature of the tabu search technique. It assumes that the last NTLM moves will not be reversed,
and hence the solutions in the immediate past will not be revisited. NTLM is the maximum number
of moves that one can store in the list; therefore the larger the value of NTLM, the stronger the
memory of the search which, in turn, encourages more diversixcation by the algorithm. On the
other hand, the smaller the value of NTLM, the less memory the search has, and therefore the
algorithm emphasizes more intensixcation in the search.

Probability threshold (P): The probability threshold P is used to allow moves that are tabu and
better than the present current solution (although worse than the best solution found so far) to be
examined as this may lead to a better solution.

Number of trial solutions (NH): In tabu search, one investigates NH trial solutions for deciding on
the next move to take. The larger the value of NH, the more neighbors are examined and the more
the search is intensi"ed, while smaller values of NH imply fewer neighbors to examine and hence
the search emphasizes diversi"cation.

The maximum number of non-improving moves (IMAX): This parameter decides on how many
non-improving moves are allowed.

4. The algorithm

In this section we give an outline of the proposed algorithm.
Initialization: Choose the maximum number of iterations allowed IMAX, the probability thre-

shold P, the tabu list size NTLM and the number of neighbors to be generated at every iteration
NH. Obtain a V-shaped schedule. Set the initial schedule as the current schedule CS and initial
objective function as the current value JC. Set the best schedule BS"CS and the best objective
function JB"JC, let I"1 and go to step 1.

Step 1: Generate NH neighbors of the current schedule CS. Compute the objective function for
each neighbor generated. Let JT, TS be the objective function value and the corresponding
schedule of the best neighbor, respectively. Go to step 2.

Step 2: If the neighbor is not tabu (see tabu restriction) go to step 3. Otherwise, if JT(JC set
JC"JT, CS"TS and go to step 5. Otherwise, go to step 4.

Step 3: If JT(JB, set JB"JT, JC"JT, BS"TS, CS"TS and go to step 5. Otherwise Set
JC"JT, CS"TS and go to step 5.

Step 4: Generate a random number. If the number generated is greater than the probability
threshold P, set JC"JT, CS"TS and go to step 5. Otherwise, if all neighbors have been checked
go to step 6. Otherwise, let TS be the next best schedule and JT be the corresponding objective
function value and go to step 2.
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Step 5: If the tabu list is not full, add the move to the "rst free position in the list. Otherwise delete
the oldest move (top of the list), shift up the list and add the move at the bottom of the list. Go to
step 6.

Step 6: If I'IMAX stop, the best schedule is BS. Otherwise set I"I#1 and go to step 1.

5. Computational experience

The "rst stage in our computational experience involved many trial experiments to choose
values for the parameters that performed well for various problem sizes. As a result, the parameters
were set as follows: NTLM"6,P"0.95, NH"5, IMAX"5000.
These values were "xed for subsequent stages of the computational experience.
To test the performance of the algorithm, we solved the same set of problems that Mittenthal

et al. [8] used for testing their simulated annealing based algorithm. These problems were also used
by Elion and Chowdhury [3], Vani and Raghavachari [7], Gupta, Gupta and Bector [20]. The set
consists of 21 problems of di!erent sizes ranging from 6 to 20 jobs. The solutions to the problems
are reported by Mittenthal et al. [8] along with the relative errors of the simulated annealing
algorithm using three di!erent initial schedules; LPT, V-shape, SPT. The V-shaped schedule is in
the form (J

�
,J

�
, J

�
, J

�
,2,J

�
, J

�
, J

�
) where job J

�
is the job with the largest processing time.

In this paper all the problem are solved with three di!erent initial solutions similar toMittenthal
et al. [8] except for the V-shaped schedule. The initial V-shaped schedule chosen in this paper is in
the form (J

�
,J

�
, J

�
, J

�
,2,J

�
, J

�
, J

�
), where job J

�
is the job with the largest processing time. This

sequence was suggested by Al-Turki [21] as a good and fast initial sequence for the variance
minimization problem.
Table 1 shows the processing time of 21 problems given in optimal sequence and their

corresponding minimum variances. The relative error, (Optimal!Tabu)/Optimal�100, for the
three initial solutions (LPT, V-shape, SPT) obtained by Mittenthal et al. [8] are reported in
columns 4, 5 and 6, respectively. The last three columns of Table 1, give the relative error obtained
using tabu search. The total relative error for each method of solution is given in the last row of the
table.
The results show that almost all problems are solved optimally using the tabu search algorithm.

Even for the few problems that are not solved optimally, the relative error is very small. Compared
with the simulated annealing of Mittenthal et al. [8], a large improvement is clearly obtained by
tabu search. There is no single problem solved by simulated annealing that is not solved by tabu
search with the initial V-shaped schedule. As problem size increases both methods become less
accurate in obtaining optimal solutions.
Among all methods of solution, the tabu search method with a V-shaped initial solution

is better by far than the other methods. All problems, except three, are solved with a total error of
0.001%. The LPT initial solution is the next best with a total error of 0.009%. The SPT initial
solution is the worst for both simulated annealing and tabu search methods. For the simulated
annealing method, using a V-shaped starting solution produces better results in terms of the
number of problems solved optimally, while the LPT initial solution is better in terms of total error.
For the tabu search algorithm, the V-shaped starting solution produces better results in terms of
total error.
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6. Conclusion

In this paper, we have described and developed a tabu search approach that can be used for
solving single machine scheduling problems that are known to have the V-shaped property. The
developed algorithm was used to solve the single machine variance minimization problem.
Computational results show great success in solving problems reported in the literature. Most of
the problems were solved optimally. Even for problems that were not solved optimally the solution
was only 0.001% away from the optimal solution. The algorithm was compared to the simulated
annealing method and showed superiority in terms of the number of problems solved optimally,
and also in terms of the total relative deviation from the optimal solution. Further research may be
conducted for improving the performance of the algorithm by selecting the parameters optimally.
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